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Abstract 

Initial validity results concerning a unified theory of mathematics task difficulty are reported.  

Data examined contained student responses to automatically generated computational fluency 

problems in addition, subtraction, multiplication, and division.   Multilevel linear modeling 

produced results largely congruent with past research.  Results concerning the construction of 

theory-based item families were mixed.  Implications of the results are discussed. 
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Initial Validation of Theory of Task Difficulty and Creation of Item Families 

 

Previous papers in this session have described the semantic and syntactic elements of a 

unified theory of task difficulty in K-12 mathematics.   In this paper, the results of an initial 

validation study are reported. 

Some of the most basic research on theory-based item generation grows in the Numbers 

and Operations garden.  Developmental and cognitive psychologists have studied addition, 

subtraction and multiplication thoroughly, although division has been largely ignored (Geary, 

1995).  Their research provides ample guidance in choosing task features to operationalize 

semantic and syntactic components for this set of concepts and skills. 

As discussed in earlier papers in this session, the major semantic elements can be drawn 

from problem size (small numbers versus large numbers), ties, number type effects (e.g., whole 

numbers, fractions, decimals, etc.), certain simplifying conditions in subtraction, and other 

privileged numbers.   

Problem size refers to the size of the numbers in a problem’s operands or results.  It has 

been operationalized in numerous ways.  However, the central idea is that problems with larger 

digits tend to be more difficult than those with smaller digits. This effect is one of the most 

replicated in research on arithmetic (Ashcraft, 1992; Ashcraft, Kirk, & Hopko, 1998; De 

Brauwer, Verguts, & Fias, 2006; Jannsen, DeBoeck, Viaene, & Vallaeys, 1999; Prado, Lu, Liu, 

Dong, Zhou, & Booth, 2013; Zbrodoff, & Logan, 2005).  

Problems involving ties (also known as “doubles”) tend to be easier than other problems.   

The effect has been studied in addition and multiplication (Campbell & Oliphant, 1992, De 

Brauwer et al., 2006).  In the current study, the concept of a “reverse” tie is introduced for 

subtraction and division.  A reverse tie occurs when the inverse addition or multiplication fact 

would be a tie problem, e.g., 10 – 5 = 5 and 25   5 = 5.  

Number systems beyond whole numbers tend to add difficulty to a problem.   For 

instance, a word problem with whole numbers is likely to be easier than one with decimals or 

fractions (Bell, Greer, Grimison, & Mangan, 1989; Hardiman, & Nestre, 1989; Koedinger & 

Nathan, 2004; Enright & Sheehan, 2002). 
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Certain simplifying conditions are associated with reduced difficulty in subtraction—

namely simplifications to zero, one, or to self (Brown & Burton, 1978).   For instance, 9-9 

simplifies to zero, 9 - 8 simplifies to one, and 9 - 0 simplifies to self.  In the current study, the 

simplification idea is also applied to division, with simplifications to one and self.  For example, 

9   9 simplifies to one, and 91 simplifies to self. 

Some numbers are associated with increased easiness wherever they appear in arithmetic 

problems, hence the term, privileged numbers. For instance, operations involving 10 or a 

multiple of 10 tend to be easier than other operations (Geary, 1995). 

The major syntactic elements can be drawn from working memory theory (Baddely, 

1986).  Essentially, the number of details that a student must keep track of and/or keep in short-

term memory stores is associated with increased task difficulty (Ashcraft, 1992; Ashcraft & 

Battaglia, 1978; Barrouillet & Thevenot, 2013; De Brauwer, Verguts, & Fias, 2006; Geary, 

1995; Graf & Fife, 2013; Griffiths & Kalish, 2002; Janssen, De Boeck, Viaene, & Vallaeys, 

1999; LeFevre, DeStefano, Coleman, & Shanahan, 2005). 

The study reported here included operationalization of the semantic and syntactic 

components of performance on addition, subtraction, multiplication, and division fluency 

problems and the assessment of the performance of the operationalizations in data gathered from 

student responses to automatically generated items.  Given past research and our own 

preliminary investigations, we expected variables identified in past research to behave as they 

usually have behaved. 

Method 

Data Sources 

Analyses involved data collected from the administration of items generated by the Math 

Item Generator (MIG) for online fluency practice included as a part of the “Summer Math 

Challenge” program in 2014 (MetaMetrics, Inc., 2015).  Rising third- through sixth-grade 

students were given the opportunity every week of the six-week program to complete 20-item, 

online fluency exercises. The Quantile® Framework for Mathematics developed By MetaMetrics 

furnished the topics for these exercises. The Quantile Framework is a developmental taxonomy 

of about 550, K-12 mathematics skills and concepts called Quantile Skills and Concepts (QSCs) 

(MetaMetrics, Inc., 2011).  Table 1 lists the QSCs used in the Summer Math Fluency exercises. 
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Table 1 

Quantile Skills and Concepts (QSCs) Used in Summer Math Fluency Exercises  

Quantile Skills and Concepts (QSC) For Grades 

Add 3 single-digit numbers in number and word problems. 2 

Use addition and subtraction facts to 20. 2 

Add 2- and 3-digit numbers with and without models for number and 

word problems that do not require regrouping. 

2, 3 

Subtract 2- and 3-digit numbers with and without models for number 

and word problems that do not require regrouping. 

2, 3 

Use multiplication facts through 144. 3 

Know and use division facts related to multiplication facts through 144. 3, 4, 5 

Estimate and compute products of whole numbers with multi-digit 

factors. 

4, 5 

Rewrite and compare decimals to fractions (tenths and hundredths) with 

and without models and pictures. 

4, 5 

Add and subtract fractions and mixed numbers with like denominators 

(without regrouping) in number and word problems.  

4 

Find the fractional part of a whole number or fraction with and without 

models and pictures. 

5 

Estimate and compute sums and differences with decimals. 5 

 

The items were designed to foster fluency; hence, several extra constraints for the MIG 

were required.  Most importantly among these constraints was that no regroupings were allowed, 

and multipliers in the multi-digit multiplication problems were limited to single digits.  

Consistent with the Common Core State Standards for Mathematics (CCSSM, National 

Governors Association Center for Best Practices & Council of Chief State School Officers, 

2010), problems in which the second operand was 10 or 100 were specifically generated for all 

QSCs that dealt with the addition and subtraction of decimals. 

The analyses in the current study were limited to problems involving addition, 

subtraction, multiplication, and division. 
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Operationalizations 

Figure 1 shows the operationalization of the syntactic and semantic components for 

addition, subtraction, multiplication, and division.  

 

 

Figure 1.  Operationalization of semantic and syntactic components for addition, subtraction, 

multiplication, and division fluency problems. 

 

Semantic component.  The operationalization for the semantic component is largely 

self-evident.  The major concepts are addition, subtraction, multiplication, division and decimals.  

The mathematical symbols are those for the operations and number systems involved.    Objects 

consisted of equations and their display format (vertical, horizontal), text (verbal format), and, of 

course, numerals.  The verbal questions in the fluency exercises were all of the same form for 

each operation and included only the mathematical terms, sum, difference, product, and quotient 

(Table 2). 
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Table 2.   

Forms of Verbal Problems for Fluency Exercises 

Operation Verbal Problem 

Addition What is the sum of a and b?† 

Subtraction What is the difference of a and b? 

Multiplication What is the product of a and b? 

Division What is the quotient of a and b? 

†a and b represent numbers appropriate to the QSC in an exercise. 

 

Difficulty of numerals was operationalized as problem size.  Numeric ties, second 

operand of 10 or 100, and subtraction simplifications were considered patterns.  Raw counts 

were created for ties and simplifications for subsequent transformations.  

Syntactic component.  The syntactic component for these fluency problems was 

operationalized as the number of operations required by a problem, for which the maximum 

number of digits was used as a proxy.  

Creation of predictor variables. Digits 5, 6, 7, 8, and 9 were considered large numbers.  

A composite problem size score, which could range from -1 through 1, was calculated as 

2 9

0 5

( 1) i i

i i

X X totnd
 

 
  

 
  , 

 

where totnd represents the total number of digits.   To lessen collinearity with other predictors, 

the number of ties was scaled by the maximum number of digits, and the three traditional 

simplifications in subtraction (simplification to zero, simplification to one, and simplification to 

self) were combined into a single dichotomous variable that was set to 1 if any of the three 

simplifications was present and to 0 otherwise.  The presence of decimals and having the second 

operand equal to 10 or 100 were also coded with a 1 for present and a 0 otherwise.  All coding 

was done digit by digit, except for counting the number of ties in the QSCs for multiplication and 

division facts, which were coded by whole operands, e.g., 12 x 12 counted as one tie. 

Mathematical operations were combined into an ordinal variable with addition = 0, 

subtraction = 1, multiplication = 2, and division = 3 according to their presumed hierarchy of 

difficulty.   The display formats of the problems were also combined into an ordinal variable 
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with vertical = 0, horizontal = 1, and verbal = 2, again according to the presumed hierarchy of 

difficulty for second- through fifth-grade students. The maximum number of digits remained a 

raw count ranging from 1 through 3. 

An additional predictor variable, not readily assimilated into the semantic and syntactic 

components’ scheme was also included in the statistical modeling, namely the absolute value of 

the difference between the number of digits in the first and second operands of a problem. 

 

Results 

Software 

WINSTEPS 3.75 (Linacre, 2014) was used for Rasch item calibrations, and SAS 9.3 

(SAS Institute, 2002-2010) was used for all other analyses.  For multilevel linear analyses, the 

HPMIXED procedure, which allows for multiple random effects to be quickly estimated, was 

used, and the GLIMMIX procedure was used for multilevel Rasch analyses.   

 

Analyses with generated items 

Six thousand thirty-six unique items were generated for the 2014 Summer Math Fluency 

exercises.  Nine hundred and two of these items had 20 or more respondents, and concurrent 

Rasch calibrations were created for these items.  Of these 902 items, 759 performed adequately 

(point-measure correlations greater than or equal to .20, infit mean-square less than or equal to 

1.5, and outfit mean-square less than or equal to 2.0).  The results are presented in Table 3.  

Performance on the items was extremely accurate.  Mean performance across items, QSCs, and 

students was approximately 85% correct.     

Table 3.  

Summary item statistics 

  N M (SD) Min Max 

p-value 759 0.85 (0.10) 0.35 0.99 

Point-measure correlation 759 0.46 (0.13) 0.20 0.85 

Infit mean square 759 0.95 (0.17) 0.09 1.48 

Outfit mean square 759 0.88 (0.40) 0.01 1.99 
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Of the 902 items, 571 of the items involved addition, subtraction, multiplication or division.  The 

QSC for estimation and computation of sums and differences with decimals involved decimals, 

whereas all other QSCs involved whole numbers, only (Table 4). 

 

Table 4.  

Frequency of QSCs 

QSC N %a 

Add 3 single-digit numbers 28 4.90 

Use addition and subtraction facts to 20 21 3.68 

Add 2- and 3-digit numbers with and without models for number and 

word problems that do not require regrouping 

82 14.36 

Use multiplication facts through 144 80 14.01 

Know and use division facts related to multiplication facts through 

144 

132 23.12 

Estimate and compute products of whole numbers with multi-digit 

factors 

84 14.71 

Estimate and compute sums and differences with decimals 36 6.30 

Subtract 2- and 3-digit numbers with and without models for number 

and word problems that do not require regrouping 

108 18.91 

All 571 100 

a May not sum to 100 due to rounding. 

 

Multilevel linear modeling.    The outcome variable in these models was the Rasch item 

difficulty measured in logits.  Even though item responses were collected over a six-week period, 

it was determined that the analyses could be collapsed across the six weeks because the 

correlation between students’ right-wrong score on an item and student time point was nearly 0.  

SAS HPMIXED was used for the multilevel linear modeling.  It fits models with many random 

effects quite quickly, but one of its shortcomings it that it does not provided standard errors or 

significance tests for variance components.  A two-level model with QSC as a random effect and 

items nested within QSC as the residual effect was created.  The unconditional model showed 

that approximately 51% of the total variance in item difficulty was between QSCs, and 
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approximately 49% within QSCs (Table 5).   Predictors included in the full model were 

Operation, Decimals, Display Form, Number of Ties, Maximum Number of Digits, Problem Size 

Score, Second Operand is 10 or 100, Any Simplification, Absolute Value of the Differences in 

Numbers of Digits, and all of the non-empty two-way interactions between these terms.  The 

interaction of any simplification with Second Operand is 10 or 100 needed to be excluded from 

the full model because of its very high correlation with the interaction of Maximum Number of 

Digits with Second Operand is 10 or 100 (r = .63).  Random effects were the intercepts for the 

QSCs and slopes for the QSCs for each main effect.  Variance components greater than 0.20 

were retained in the model. 

 

Table 5 

Unconditional HLM Model 

Fixed Effect Estimate SE t df p 

Intercept -0.62 0.32 -1.96 570 0.0508 

Random Effect 

Variance 

Component SE χ2 df p 

Intercept Between-

QSCs 

0.79 --- --- --- --- 

Residual 0.75 --- --- --- --- 

 

 

Table 6 shows the final model,and Table 7 shows the corresponding variance 

components.   Judging from the between-QSC residual of 0.1730 and the within-QSC residual of 

0.6019 logits, the final model accounted for approximately 78% of the between-QSC variance 

and approximately 19% of the within-QSC variance.   The residual slope variance for the 

Operation effect was approximately 0.23. 

As for the fixed effects, the presence of more advanced Operations, Decimals, More 

Digits, and Larger Numbers were associated with increased difficulty.  The effects for Operation 

and Maximum Number of Digits increased with more demanding Display Forms, and the 

presence of any of the subtraction Simplifications mitigated the effect of having Larger 

Numbers.  Finally, the interaction between Operation and Maximum Number of Digits suggested 
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extra increased difficulty between problems where the Maximum Number of Digits was one and 

those were it was two, and, perhaps, a mitigation of the effect for multiplication going from two 

to three Maximum Number of Digits (Figure 2). 

 

 

Figure 2.  Cell means for operation * maximum number of digits interaction 

 

Table 6 

Final HLM Model: Fixed Effects 

Intercept -2.83 0.31 562 -9.10 <.0001 

Operation 0.85 0.23 562 3.71 0.0002 

Decimals 0.97 0.19 562 5.12 <.0001 

maximum number of digits 0.48 0.12 562 4.06 <.0001 

problem size 0.40 0.09 562 4.49 <.0001 

operation*display form 0.12 0.05 562 2.45 0.0148 

operation*maximum number of digits -0.14 0.07 562 -2.04 0.0417 

maximum number of digits*display form 0.14 0.03 562 4.56 <.0001 

problem size*simplification -0.41 0.14 562 -3.01 0.0027 
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Table 7 

Random Effects in Final Model 

Random Effect 

Variance 

Component χ2 df p 

Intercept Between-QSCs 0.17 --- --- --- 

Operation 0.23 --- --- --- 

Residual 0.60 --- --- --- 

 

 

Item family creation.  Table 8 shows the variables and levels of the variables used to 

create item non-empty families.  The QSCs were subdivided by mathematical operation.  

Specifically, any QSC that allowed both addition and subtraction was subdivided into an 

‘addition’ QSC and a ‘subtraction’ QSC. Families were created within each modified QSC.   

 

 

Table 8 

Item Families: Key Variables 

Variable Levels 

Problem Size (range = [-1, 1]) 0 = [-1,-0.5), 1 = [-0.5, 0), 2 = [0, 0.5), 3 = [0.5, 1]  

Maximum Number of Digits 1, 2, 3 

Display Form Vertical, Horizontal, Verbal 

Second Operand is 10 or 100 0, 1 

Any Simplification 0, 1 

 

Follow-up multilevel Rasch modeling.   A data set comprising student responses to 

addition, subtraction, multiplication, and division items not used in the HLM analyses was 

created (N = 16,160 responses and 957 students.)  Data were parceled into four subsets for 

analyses—early addition and subtraction, multi-digit addition and subtraction, advanced addition 

and subtraction (decimals), and multiplication and division (multiplication and division facts, 

multi-digit multiplication).   As in the HLM dataset, performance was quite high (Table 9).  
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Table 9. 

Descriptive Statistics for Follow-up Analyses 

QSC N M (SD) Min Max 

Add 3 single-digit numbers in number and 

word problems. 

1,125 0.96 (0.21) 0 1 

Use addition facts to 20. 1,214 0.96 (0.19) 0 1 

Use subtraction facts to 20. 1,184 0.90 (0.30) 0 1 

Add 2- and 3-digit numbers with and 

without models for number and word 

problems that do not require regrouping. 

5,366 0.93 (0.26) 0 1 

Subtract 2- and 3-digit numbers with and 

without models for number and word 

problems that do not require regrouping. 

2,624 0.90 (0.30) 0 1 

Use multiplication facts through 144. 1,398 0.93 (0.26) 0 1 

Know and use division facts related to 

multiplication facts through 144. 

197 0.96 (0.19) 0 1 

Estimate and compute products of whole 

numbers with multi-digit factors. 

1,348 0.87 (0.33) 0 1 

Estimate and compute sums with decimals. 896 0.94 (0.24) 0 1 

Estimate and compute differences with 

decimals. 

808 0.92 (0.28) 0 1 

 

 

Separate multilevel unconditional Rasch models were constructed for each subset of 

records.  The outcome variable was the dichotomous right/wrong score on the items.   Levels of 

the models were student, Subdivided QSC, and item family nested within subdivided QSC.    

Table 10 shows the between-item family variance component for each model.    The between-

item family variance component was not significantly different from 0 or very small in all but the 

multiplication and division subset.  This pattern of results is likely due to the extreme lack of 

variation in the score variable in the addition and subtraction data sets.   
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Table 10 

Follow-up Multilevel IRT 

QSCBs Estimate SE Z p 

Addition and subtraction with 

numbers less than 20 0.04 0.06 0.61 .2695 

2- and 3- digit addition and 

subtraction without regrouping 0.08 0.05 1.66 .0486 

Decimal addition and subtraction 0.13 0.11 1.23 .1092 

Multiplication and division facts up 

to 144, multi-digit multiplication 0.37 0.15 2.52 .0058 

 

 

Discussion 

Semantic and syntactic predictor variables largely behaved according to expectations.  

Item difficulty increased with each more advanced operation, each additional digit, and each 

additional problem size category. Furthermore, the display form of the problem (i.e. vertical, 

horizontal, verbal) was associated with a synergistic increase in difficulty with the effects for 

operation and maximum number of digits.  Also in line with intuitive expectations, the effect for 

maximum number of digits was attenuated when the second operand was a 10 or 100, and the 

problem size effect was attenuated when one of the simplifications in subtraction was involved.  

For instance, 9 – 8 involves two large numbers, but also involves a simplification to 1.   

A major surprise in the results is the absence of an effect for ties.  Ties have shown 

themselves to be associated with decreased difficulty in addition and multiplication in past 

research as well as in our preliminary analyses on other datasets.  In the Summer Math Fluency 

data, ties were sparse in the QSCs for multiplication and division facts (under 10% of items for 

these QSCs), and perhaps induced a range restriction.   Additionally, the items in the QSC for 

addition and subtraction facts had no ties, and this was a QSC where we would have expected to 

see traditional tie effects.  Finally, we must consider the possibility that the tie effect is not 

exhibited under some conditions and investigate why this might be so. 
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The final statistical model accounted for 76% of the between QSC variance, due largely 

to the functioning of the existing Quantile Framework for Mathematics.   The final statistical 

model accounted for 20% of the within QSC variance. 

Follow-up analyses involving created item families were disappointing, but not 

surprising.  All between-item family variance components were near zero except that for 

multiplication and division, which was a healthy 0.33 logits.   

 

Limitations 

These initial results in validating the unified semantic and syntactic component theory of 

task difficulty in mathematics are promising, but quite limited. The current study’s materials 

included only computational fluency problems in basic arithmetic operations.  There is a 

considerable range of the K-12 mathematics continuum left to be explored. 

Additionally, one of the goals of the follow-up analyses was to estimate the means and 

variances of the item families.   This goal could not be completely met given the range 

restrictions, and the fact that the item was the lowest level in the multilevel Rasch models.   The 

lowest, or residual level, in a multilevel model with a discrete outcome is not estimated, but 

determined by the mean of the outcome variable (Snijders & Bosker, 2012), and is reported as an 

average across level 1 units. 

Also, the within-QSC variance component in the final model suggested that 80% of the 

level 1 variance is unexplained, which suggests that a lot of level 1 variance is still “on the 

loose.”  Again, given the extreme range restriction in right and wrong answers in these data, it 

would have been unlikely to obtain much between-item family variance for most of the data sets.  

Tailoring modeling to specific QSCs might illustrate where models suffer from incomplete 

construct specification.  Most importantly, however, having a fairly large amount of residual 

variance is often associated with retrofitting models (Embretson, 2002; Embretson & Yang, 

2007).  Generating items according to varying levels of  known “good” predictors usually results 

in much more explained variance (Embretson & Yang, 2007; Simpson, Kosh, Bickel, Elmore, 

Sanford-Moore, Koons & Enoch-Marx, 2015).  In future editions of the Summer Math Fluency 

program, it is hoped that items can be generated according to theory-based item family 
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specifications—i.e., specifications based on the mathematical combinations of the various levels 

of predictor variables.    

 

Implications of Results 

These initial results suggest that unified modeling of semantic and syntactic components 

of task difficulty in mathematics can be successful across several arithmetic operations.   The 

results of the follow-up analyses imply that the predictor variables, at least in multiplication and 

division, can be used combinatorially to create theory-based item families. 

 

Future Research 

The next main research goal is to create measurement mechanisms for more of the 

semantic elements in mathematics tasks.   The research group is currently working on a 

taxonomy of abstractness in mathematics tasks, and norms for the use of mathematical 

vocabulary in K-12 mathematics textbooks have already been created (Simpson, Bickel, Elmore, 

Sanford-Moore, & Price, 2014).  The semantic component of the Lexile Framework comprises 

word frequency (D. R. Smith, Stenner, Horabin, & M. Smith, 1989; Stenner, D. R. Smith, & M. 

Smith, 1988).  Given the care that item and textbook writers take in using the appropriate 

mathematical vocabulary at each grade, it is unlikely that a simple word frequency measure will 

be associated with task difficulty. 

Another challenge that will face the research group sooner or later will be to expand the 

operationalizations to handle multi-QSC problems.   Such problems are becoming more common 

given the task demands of the Common Core, PARCC and SBAC assessments. 
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